In our paper [1] we claimed to prove that for a nondegenerate ground state of a system of electrons in an external electrostatic and magnetostatic field, there is a bijective relationship between the properties of the density ρ(r) and physical current density j(r), and the external scalar v(r) and vector A(r) potentials : {ρ(r), j(r)} ←→ {v(r), A(r)}.
(
As such the basic variables [2] of quantum mechanics are {ρ(r), j(r)}. By basic variables we mean a gauge invariant property or properties whose knowledge determines the system wave functions. Since knowledge of the nondegenerate ground state {ρ(r), j(r)} uniquely determines {v(r), A(r)} (to within a constant and the gradient of a scalar function), the HamiltonianĤ is known, since the kineticT and electron-interactionÛ operators are assumed known. Then solution of the Schrödinger equationĤψ = Eψ leads to the ground and excited state wave functions of the system. It has been pointed out to us [3] that our proof of bijectivity when the ground state wave function ψ is complex is incorrect.
The proof, however, remains valid for ψ real. There exists several examples for which the nondegenerate ground state wave function is real. One example [4] is the ground state of the Hooke's atom in a magnetic field B(r) = ∇ × A(r). In this case there exist an infinite number of nondegenerate ground state wave functions that are real. Another example of a real ground state wave function in the presence of a magnetic field is that of the Fock-Darwin model [5] . Yet another example is the case of two electrons in one-dimensional nanorings [6, 7] . Thus, there exists a domain for which the ground state wave function ψ is real. Hence, the proof of bijectivity for ψ real, and of the consequent conclusion that the basic variables of quantum mechanics are {ρ(r), j(r)}, is of significance. It is also for this reason that the map from such an interacting electronic system to one of noninteracting fermions with the same {ρ(r), j(r)} is possible [8] . We note that the only other such proof of bijectivity is that between ρ(r) and v(r) due to Hohenberg and Kohn [9] for the case of B(r) = 0. Although at present there exists no bijectivity-type proof, there appears no reason why {ρ(r), j(r)} should not constitute the basic variables for the more general case of ψ complex.
The details of the proof for ψ real were not provided in our original work [1] . Hence, in this Comment we provide the proof of bijectivity for this case. We note that the proof explicitly accounts for the many-to-one relationship between {v(r), A(r)} and ψ. We then show where our proof for the general case is in error [3] .
In units such that e =h = m = c = 1 (for atomic units replace A(r) by A(r)/c), the HamiltonianĤ isĤ
where the physical current density operator
with the paramagnetic currentĵ p (r) and densityρ(r) operators defined in [1] . Thus, the physical current density
with ψ the solution to the Schrödinger equationĤψ = Eψ. For ψ real,
so that from Eq. (3)
Thus, knowledge of {ρ(r), j(r)} uniquely determines A(r).
Suppose there exists a [{v, A}; ψ] and a [{v
lead to the same {ρ(r), j(r)}. We wish to prove that for ψ real this cannot be the case. (We exclude the possibility of {v, A; ψ} with ψ complex that lead to the same nondegenerate ground state {ρ, j}.)
The physical current density operator for the primed system is defined aŝ
Therefore
For
so that
where in the last step we have employed that ψ and ψ ′ lead to the same ρ(r). Since ψ and ψ ′ also lead to the same j(r), we have on equating (6) and (10) that
From the variational principle for the energy for a nondegenerate ground state,
Now, in general
(This equation should replace Eq. (36) of [1] ).
For ψ ′ real, employing Eq. (11) we see that the last term of Eq. (13) vanishes. Next
where we have employed Eq. (9) and that ρ ′ (r) = ρ(r). Thus,
Similarly,
where we have employed Eq. (9) and Eq. (11) and ρ ′ (r) = ρ(r). Consequently,
Thus, employing Eqs. (16) and (19), the term of Eq. (13)
Therefore,
since ρ ′ (r) = ρ(r). Thus, Eq. (12) is
On interchanging the unprimed and primed quantities, we have
so that on addition of Eqs. (22) and (23) we obtain the contradiction
The original assumption that ψ ̸ = ψ ′ is thus erroneous, and therefore ψ = ψ ′ . This means
However, the corresponding physical current densities are not the same:
because A(r) ̸ = A ′ (r). This proves that the original assumption that there exists a {v ′ , A ′ } that leads to the same {ρ, j} as that due to {v, A} is incorrect. This is the step which takes into account that there could exist many {v, A} that lead to the same nondegenerate ground state ψ. Hence, there exists only one {v, A} that leads to a {ρ, j}. The bijectivity of Eq. (1) is therefore proved. We conclude by reiterating that in the presence of a magnetostatic field B(r), the relationship between {v, A} and ψ can be many-to-one. Our proof of bijectivity explicitly takes into consideration this possibility.
For the case when ψ is complex, with the same original assumptions that ψ and ψ ′ lead to the same ρ(r) we have
and
so that in Eq. (13) the term
Finally, employing again that ρ ′ (r) = ρ(r),
Hence, in the general case of ψ complex,
On interchanging the primed and unprimed quantities,
On adding Eq. (34) and Eq. (35) one obtains
It is evident from Eq. (36) that since by assumption
It is evident that the reductio ad absurdum argument is not applicable. Eq. (36) may be rewritten as follows. From Eqs. (4) and Eq. (8) 
Substituting Eq. (40) into Eq. (36) leads to the alternate expression
Again, since by assumption A(r) ̸ = A ′ (r), the last term of Eq. (40) Finally, we note that although our proof that {ρ(r), j(r)} are the basic variables is restricted to the case of ψ real, our conclusion based on reasons given in [1, 10] that {ρ(r), j p (r)} cannot be the basic variables remains unchanged [11, 12] . This conclusion is further buttressed by the fact that for ψ real, j p (r) = 0. We reiterate [2] that in any 'density' functional theory, it is imperative to first prove a bijective relationship between the basic variables and the external potentials (for the nondegenerate ground state). Only then can one claim that the wave function is a functional of the basic variables as are the expectation values of all operators. This then also makes possible the mapping to model systems of noninteracting fermions or bosons with the same values of the basic variables as those of the interacting system. As noted earlier, the ground state wave function ψ of the Hooke's atom in a magnetostatic field is real. We have constructed [8] via quantal density functional theory [13] a system of noninteracting fermions that reproduces the {ρ(r), j(r)} of this atom.
In conclusion, there exists a one-to-one relationship between {ρ, j} and {v, A} for ψ real, and thus within this domain, the basic variables are {ρ, j}, and ψ = ψ[ρ, j]. Thus, the expectation of all operators are unique functionals of {ρ, j}. As pointed out in [3] , {ρ, j} are also the basic variables for one-electron systems.
In their work, employing convex analysis in conjunction with the Lieb [14] constrainedsearch density matrix functional, Tellgren et al [3] conclude, however, that "the most common formulation in terms of {ρ, j p } is presently the most convenient and viable formu- We thank Drs. Tellgren et al for bringing their work to our attention prior to publication, and for discussions on the subject.
